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Abstract We report a new, polarizable classical force

field for the rutile-type phase of SnO2, casserite. This force

field has been parametrized using results from ab initio

(density functional theory) calculations as a basis for fit-

ting. The force field was found to provide structural,

dynamical and thermodynamic properties of tin oxide that

compare well with both ab initio and experimental results

at ambient and high pressures.
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Force field parametrization � Ab initio � DFT

1 Introduction

Ab initio calculations on solid-state materials are becoming

increasingly routine through the use of plane-wave meth-

ods in density functional theory (DFT). They can help

solve and verify complex structures in combination with

potentially ambiguous crystallographic data [1] and are

often crucial to the interpretation of spectroscopic data [2].

However, there are many systems of great experimental

interest and applied significance that remain intractable to

DFT due because its relatively heavy computational cost

does not permit a sufficient size of unit cell and/or time-

scale of dynamics simulations. These include: the model-

ling of nanoscale structural (dis)order to help interpret

experimental diffuse scattering data from, for example,

lead-free relaxor ferroelectrics [3]; and the modelling of

ionic conduction mechanisms to help interpret inelastic

neutron scattering data from, for example, solid-state fuel

cell or lithium-ion battery materials [4]. Such problems can

only be approached with ‘‘classical’’ atomistic methods.

The accuracy of these methods depends heavily on the

reliability of the force fields used. Unfortunately, if a sys-

tem of interest contains atomic species that have not been

widely subjected to these methods and/or for which a large

amount of experimental data are not available, the devel-

opment and exhaustive testing of force fields can be a

prohibitive task. A potential way of speeding up (or even

automating) this process is to use observables including

forces, potential energies and strain tensor elements from

high-precision DFT ‘‘experiments’’ on manageably small

unit cells or timescales to parameterize classical force

fields that can subsequently be used to run calculations on

much larger unit cells or timescales - thus ‘‘bridging the

gap’’ between ab initio and classical methods. There were

reported ab initio parametrized force fields for relatively

simple oxides as SiO2 [5], TiO2 [6], GeO2 [7] and more com-

plex materials as BaTiO3 [8], PbTiO3 and PbMg1/3 Nb2/3O3.

[9].

Tin(IV) oxide has attracted considerable interest due to

its extraordinary electronic, optical and catalytic properties.

Of particular significance is its potential for applications in

displays, solar cells and optoelectronic devices, due to its

being simultaneously transparent and electrically con-

ducting[10]. It is also a prospective material for gas sensors

and rechargeable batteries applications [11, 12].

At ambient pressure, tin oxide crystallizes in the rutile

structure (P42/mnn symmetry), shown in Fig. 1 and

undergoes series of structural transitions under pressure.

Those observed experimentally are the following: rutile
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(P42/mnn) ? CaCl2-type (Pnnm) ? pyrite-type (Pa3Þ !
? orthorhombic ZrO2-type (Pbca) ? cottunite-type

(Pnam) [13, 14]. As SnO2 is a relatively simple material,

this remarkable variety of highly coordinated phases under

pressure creates additional interest.

Theoretical investigation into all these phases has been

conducted within various theoretical approximations. Den-

sity functional theory (DFT)-derived structural, electronic

and mechanical properties compare favorably with experi-

ment [15–17]. DFT-based methods have a high demand on

computing resources that limits number of atoms to less than

about 1000 over timescales of only a few tens of picoseconds.

To perform large-scale molecular dynamic (MD) simula-

tions dealing with hundreds of thousands of molecules over

with longer timescales, much faster classical force fields are

required. However, parameterizing classical force fields

sufficiently well to yield reliable results is often a prohibitive

task. One approach is to use ab initio-derived observables

including forces, potential energies and strain tensor ele-

ments for parametrization.

In this report, we propose a novel, polarizable inter-

atomic force field, parametrized from ab initio results. Its

reliability was tested by calculation of structural, dynami-

cal and thermodynamic properties of the rutile phase of

SnO2. Our force field was found to describe SnO2 reliably

at ambient and high pressures.

This introduction is followed by the force field details

(Sect. 2), the parametrization procedure (Sect. 3), the force

field tests (Sect. 4) and a summary (Sect. 5)

2 Force field

A force field describes the potential energy acting on ions

in a crystal lattice as a set of functions. Short-range

dispersive forces are simulated using the pairwise Morse-

stretch potential:

Esr ¼ Dij½ecij½1�rij=qij� � 2ecij=2½1�rij=qij�� ð1Þ

where rij ¼j ri � rj j is the distance between i and j ions

and Dij, cij and qij are pairwise parameters. We have

truncated this potential at the 10 Åcutoff radius.

The term describing the electrostatic contribution to the

total energy of the system consists of charge–charge,

charge–dipole and dipole–dipole contributions. The Wolf

summation was used for calculation of Coulomb interac-

tions, (described in detail in [18, 19]), with a cutoff of 13

Å. It was found that an Ewald parameter of j = 0.1 was

sufficient.

In addition to the Morse-stretch and Coulomb interac-

tions, we have included the effects of dipole polarization

on both O and Sn ions. According to the Tangney-Scandolo

model [5], the induction of dipole moments can be due to

both by electrostatic forces and the short-range repulsive

forces between anions and cations. The latter contribution

is given by formula proposed by Madden et al. [20]

psr
i ¼ ai

X

j6¼i

qjrij

r3
ij

fijðrijÞ ð2Þ

where

fijðrijÞ ¼ cij

X4

k¼0

ðbijrijÞk

k!
e�bijrij ð3Þ

where ai is the polarizability of species i and bij and cij are

model parameters.

The total dipole moment can be found in an iterative

way, such that pi
n on atom i and iteration step n is

pn
i ¼ aiEðri; fpn�1

j gj¼1;N ; frjj¼1;NgÞ þ psr
i ð4Þ

where E is the electric field, calculated from the dipole

moments and charges in previous steps. These force fields

are included in the IMD (ITAP Molecular Dynamics Pro-

gram) package, developed at the University of Stuttgart,

Germany [21].

The resulting force field consists of 19 parameters:

pairwise Dij, cij, qij, bij, cij, charges qi and polarizabilities ai

associated with ion type. To conserve the neutral character

of the crystal, we used the relation qSn = -2qO, so that

the effective number of variables used in parametrization

was 18. The complex form of the potential is necessary for

good reproduction of DFT observables.

3 Force field parametrization

The parameters of the force field described in detail in the

previous section were determined as follows. We have

b

c

a

Fig. 1 Rutile-type SnO2 tetragonal primitive cell. Large (violet) and

small (red) spheres represent Sn cations and O anions, respectively
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fully optimized three 2 9 2 9 3 supercells of rutile SnO2

using the Vienna ab initio Simulation Package [22] (VASP

in version 5.2). One supercell was optimized at zero

pressure, and two other were optimized using 4 % higher

and lower molar volumes. We used standard Generalized

Gradient Approximation pseudopotentials (GGA) [23] for

both O and Sn with 2 9 2 9 2 k-mesh and 600 eV

energy cutoff for the convergence of the strain tensor ele-

ments. Forces and energies were optimized to 5 9 10-6 eV

Å-1 and 10-7 eV, respectively.

The parameterization procedure of the classical force

field is illustrated schematically in Fig. 2. Ab initio MD

with a 220 eV energy cutoff and using only the C(0, 0, 0)

point in reciprocal space was performed over 10,000 steps

with a 3 fs timestep for all three supercells at 600 K. This

was to provide a large number of non-correlated physically

plausible atomic configurations from which configurations

were selected as follows: For all three optimized supercells

plus five random configurations from the ambient pressure

run and one additional random frame from the smaller and

larger volumes, the forces acting on ions, total energies and

strain tensor elements were calculated using the same set-

tings as for structure optimization. A database was con-

structed consisting of these values, which was used as a

reference for force field parametrization. Higher and lower

volume supercells were used to explore a larger range of

configurational space. For the same snapshot structures, we

constructed input files for the classical MD code, although

no MD was actually performed, only a single-point energy

calculation. However, the classical approach requires lar-

ger cells, so we multiplied the cell by 2 in each direction.

Since parametrization aims to reproduce the ab initio

observables by a classical force field, a cost function should

be constructed that can be minimized indirectly by

adjusting the force field parameters. We chose a cost

function based on root-mean-squared-error values:

f ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiPK
k¼1

PN
n¼1

P
a j Fk

ai;n;a � Fk
cl;n;a j2

q

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiPK
k¼1

PN
n¼1

P
aðFk

ai;n;aÞ
2

q ð5Þ

e ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiPK
k;l¼1 ððEai;k � Eai;lÞ � ðEcl;k � Ecl;lÞÞ2

q

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiP
K
k;l¼1ðEai;k � Eai;lÞ2

q ð6Þ

s ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiPK
k¼1

P
ab j Sk

ai;ab � Sk
cl;ab j2

q

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiPK
k¼1

P
abðSk

ai;abÞ
2

q ð7Þ

where Fn,a
k is the a-th component (x, y or z) of the force

acting on n-th atom in the k-th frame. Ek is total energy of

k-th frame atomic configuration, and Sab
k is element ab

(a, b = x, y or z) of the strain tensor of frame k. The

indices ai and cl refer to VASP and classical MD-derived

values, respectively. The cost function should consist of all

three components with properly chosen weights:

CF ¼ wf f þ wssþ wee ð8Þ

and wf [ ws [ ws, as we have many more forces than strain

tensor elements and energies in the database for compari-

son. In the formula for e, the relative difference between

configurational energies of different snapshots was con-

sidered, as the forces depend only on the gradient of

energy, not its absolute values.

The parametrization problem can be treated as a clas-

sical black box problem-its properties can be viewed only

in terms of input (force field adjustable parameters) and

output (the cost function). A number of algorithms have

been developed for the optimization of such black boxes.

In the present case, we used a genetic algorithm based on

the Covariance Matrix Adaptation Evolution Strategy [24]

(CMAES) for the initial set of parameters, followed by a

Mesh Adaptive Direct Search (MADS, implemented to

NOMAD [25] package) algorithm [26]. The IMD MD

package was interfaced with these programs using perl [27]

scripts. At every optimization step, a cost function was

Fig. 2 Sketch of parametrization procedure. Dashed arrows indicate

iterative minimization of the cost function CF
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calculated, and a new set of parameters generated to min-

imize it. This approach, based on modular scheme and

sequential procedure, makes this method very flexible and

easily transferable to different classical MD codes, slightly

modifying scripts.

Approximately 80,000 iterations were required to obtain

a cost function value of CF = 0.13995 with f = 0.08083,

e = 0.03846 and s = 0.11056. This means that the root

errors of forces, energies and strain elements are lower than

12 %, indicating very close agreement between ab initio

and classical MD quantities. Figure 3 shows comparison of

ab initio and classically derived forces for a random MD

snapshot. The resulting force field parameters are collected

in Table 1.

4 Force field tests

4.1 Structural and mechanical properties

The zero-pressure structural parameters for the SnO2 rutile

structure obtained using DFT and the new force field are

shown in table [2] together with experimental values. The

tetragonal rutile structure invokes only three ‘‘free’’ param-

eters: the lattice constants a, c and one Wyckoff coordinate x.

DFT, as usual, yields overbonding and smaller volumes, this

being a consequence of imperfect exchange-correlation

potential treatment. Agreement between DFT-derived lattice

parameters and those obtained using the classical force field

is very good. The force field reproduces P42mnn symmetry

operations to an accuracy better than 5 9 10-6 Å.

Figure 4 shows energy as a function of volume calcu-

lated using GGA and the new force field. The agreement

between both curves is very good, as reflected in an anal-

ysis of the Birch–Murnagham equation of state [28]:

E ¼ 9V0B0

16

""
V0

V

� �2=3

�1

#3

B�0þ

þ V0

V

� �2
3

�1

" #2

6� 4
V0

V

� �2
3

" ##
þ E0

ð9Þ

where V, V0, E, E0, B0, B0* stand for volume, equilibrium

volume, energy, equilibrium energy, the bulk modulus and

its pressure derivative, respectively. The resulting param-

eters are shown in Table 2 with experimental data. The

agreement with both LDA and experimental results is

remarkably good. Ab initio-derived values of bulk modulus

and its pressure derivative B* are in very good agreement

with previous theoretical studies [16].

Figure 5 shows the pressure dependence of the reduced

lattice parameters and molar volume, taken from ref. [13].

These characteristics are well reproduced by both our force

field and GGA, especially the reduced compressibility of

SnO2 along the c-axis.

Elastic constants (aka elastic moduli) are parameters

that define properties of the material undergoing stress and

deformation. Elastic moduli are given by the relation:

Cijkl ¼ rij=�lk, where rij stands for strain and �kl for relative

deformation. The agreement between our potential, GGA

and available experimental results is rather good, as shown

in Table 3.

4.2 Vibrational, electronic and thermodynamic

properties

In polar dielectric crystals, a macroscopic electric field is

exerted by longitudinal phonons. This electric field is

responsible for the well-known phenomenon of LO-TO

phonon splitting at the Brillouin zone center, C point. Born

effective charges, Z*, are a measure of coupling between

phonons and this electric field. These charges can be esti-

mated using displacements of anion and cation sublattices:

Z� ¼ oPi

eoqj

ð10Þ

where P stands for polarization, q for displacement of the

ion, e is the elemental charge and i, j = x, y, z. Resulting

effective charges for our potential are ZSn-xx
* =

-2ZO-xx
* = 2.603, ZSn-zz

* = -2ZO-zz
* = 2.688, and off-

diagonal elements of the Z* tensor are 0. The resulting

values of Z* are much lower than predicted by ab initio

methods, which yield ZSn-xx
* = ZSn-yy

* = - 4.20,ZO-xx
* =

ZO-yy
* = - 2.09,ZSn-zz

* = - 2ZO-zz
* = 4.62, ZSn-xy

* = 0.54

and ZO-zz
* = -0.77 [16]. This disagreement is not

surprising, as electronic properties were not included in

Fig. 3 Comparison of x-component of forces acting on 48 O and 24

Sn ions in one of the MD frames, calculated with GGA and our force

field
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our cost function used for potential parametrization.

However, the non-analytical term in the dynamical matrix

arising from the macroscopic electric field is proportional to

the Z�1 Z�2=� ratio [31], where � is the electronic dielectric

constant, calculated using small electric fields:

Z� ¼ dij þ
4p
�0

oPi

oEj
ð11Þ

where E stands for electric field, �0 is the vacuum per-

mittivity and dij is the Kronecker’s delta. The values given

by the force field are �xx ¼ �yy ¼ 1:314 and �zz ¼ 1:305,

much smaller then DFT mean value of 4.95 [16]. The

resulting values Z�Sn�xx=
ffiffiffiffiffiffi
�xx
p ¼ �2Z�O�xx=

ffiffiffiffiffiffi
�xx
p ¼ 2:271

and Z-yy�=
ffiffiffiffiffiffi
�yy
p

, Z�Sn�zz=
ffiffiffiffiffi
�zz
p ¼ �2Z�Sn�zz=

ffiffiffiffiffi
�zz
p ¼ 2:354 are

in good agreement with those previously reported

Z�Sn=
ffiffi
�
p
¼ �2Z�0=

ffiffi
�
p
¼ 1:98 [17] and Z�Sn=

ffiffi
�
p
¼ �2Z�0=ffiffi

�
p
¼ 1:888 [16].

A comparison of the phonon dispersion via the special

points Cð0; 0; 0Þ;Xð1
2
; 0; 0Þ, Zð0; 0; 1

2
Þ, Mð1

2
; 1

2
; 0Þ, Rð1

2
; 0; 1

2
Þ

and Að1
2
; 1

2
; 1

2
Þ in the Brillouin zone, calculated using our

potential and GGA, is displayed in Fig.6. Phonons were

determined using a small displacement method in

2 9 2 9 3 (GGA) and 6 9 6 9 8 (force field) supercells

analyzed using PHONON package[32]. The Ab initio data

are in excellent agreement with published data [17]. The

force field reproduces all the main features of GGA dis-

persion, especially at lower frequencies (x\ 10 GHz), but

slightly overestimates the higher frequency vibrations in

the M - X direction and slightly alters the C-centered

optical modes. SnO2 at pressures below 11 GPa undergoes

a ferroelastic transition to the CaCl2-type structure.

According to Parliński and Kawazoe [17], the main

mechanism responsible for this phenomenon is based on

the softening of the B1g optical mode (indicated with an

arrow in Fig. 6). We therefore calculated C-point fre-

quencies of B1g mode at several pressures using our

potential, and indeed, this mode softens as expected

(Fig. 7a). The value of the Grüneisen parameter, m ¼
�ðo ln x=o ln VÞ given by our force field is m(B1g) =

-15.06 (fit is shown in Fig. 7a), in very good agreement

with the LDA value -14.17 [17] and comparable to the

experimental value -10.44 [33].

We were able to estimate the thermal expansion coef-

ficient of SnO2 with our force field approximation using

aV = qln V/qT = 16.2 9 10-6 after a series of NPT cal-

culations on the 1728 atom supercells at various tempera-

tures (derived V(T) dependence is shown in the inset of

Fig. 7b together with experimental data taken from [34]),

Table 1 Force field parameters for the rutile structure of SnO2

O Sn O–O O–Sn Sn–Sn

D (eV) 4.41 9 10-3 2.38709 9 10-4 1.3624 9 10-1

c 12.47595 17.4598 28.758545

q (Å) 3.77486 3.8856 3.04968

q (e) -1.27917 2.55834

a (Å V-1) 3.714 9 10-2 3.18 9 10-7

b (Å-1) 1.98313 5.63211 48.35819

c (eV Å-1) 7.97238 -148.22664 -25.5 9 103

Fig. 4 DE(V) derived from GGA and classical MD calculations.

Solid lines are fit to Eq. 9

Table 2 Structural and equation-of-state parameters for SnO2, given by our force field, GGA and experiment

a c x V0/SnO2 (Å3) B0 (GPa) B0
*

Force field 4.723 3.1773 0.3056 35.4375 207.7 5.16

GGA 4.7177 3.1798 0.3058 35.3859 199.3 4.98

exp[13] 4.7367 3.1855 0.307 35.7354 205(7) 7.4(2)
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with Nóse-Hoover thermostat and barostat [35, 36]. This

value is comparable to the experimental one 11.7 9 10-6

[33].

Phonon dispersion may be used to calculate basic ther-

modynamic properties: free energy F and constant volume

heat capacity, CV. The temperature dependence of these

quantities was calculated within the quasiharmonic

approximation, implemented in the PHONON package [32].

The resulting curves for the force field and GGA are shown

in Figs. 8 and 9. The agreement between these two

approaches is very good-as one can see, the relative offset

between GGA and force field-calculated heat capacities is

lower than 3% and can be associated with the underesti-

mation of phonon frequencies by the latter model, notice-

able in Fig. 6. Calculated free energy F(T) dependencies

Fig. 5 Pressure dependencies of reduced lattice parameters a, c and

molar volume V taken from GGA, MD and available experimental

data [13]. Solid lines are guides for the eye

Table 3 Elastic constants for the rutile structure of SnO2

Force field GGA exp [29] exp [30]

C11 269 246.6 261.7 268

C12 190.2 183.4 177.2 173

C13 155.3 156.5 155.5

C33 474.7 459.6 449.6

C44 95.4 97.4 103.1 109

C66 181.5 203.27 207.4 207

Values are given in GPa. Indexing is according to the Voigt notation

(1, 2, 3, 4, 5, and 6 numbers stand for xx, yy, zz, yz, zx, xy,

respectively)

Fig. 6 Phonon dispersion curves from GGA and our force field.

An arrow points B1g optical mode

(a) (b)

Fig. 7 a Grüneisen relation of the B1g phonon frequency xB1g

calculated using our potential. The solid line is a fit (for details see the

text). b Temperature dependence of the formula unit volume V,

derived from our force field in comparison with experimental data

[34]. Solid lines are guides for the eye

Fig. 8 Free energy F as a function of temperature T, derived from

phonon dispersion relations given by GGA and force field
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are also well reproduced by our potential. Notice that at

temperatures above 1,000 K, CV tends to saturate at the

9kB value, expected for the Dulong–Petit law.

As experimental estimation of CV is extremely difficult

for solids, one can calculate the heat capacity at constant

pressure, Cp, using the formula:

CP ¼ CV þ a2
V B0VT ð12Þ

where aV is the thermal expansion, B0 is bulk modulus, V is

volume and T is temperature. The resulting Cp(T) depen-

dence, together with experimental data taken from ref.

[37], is shown in Fig. 10. As one can see from the inset, the

force field overestimates Cp by about 10 % at low

temperatures (below 200 K); however, with increasing

temperature this disparity decreases.

5 Summary

In conclusion, we have developed a classical force field for

rutile-type SnO2, based on ab initio data. We show that this

particular potential reproduces DFT-derived features of

this material reasonably well, including structure, bulk

modulus, elastic constants as well as thermodynamic

properties related to vibrational spectra. Additionally, it

was shown that this force field is valid at high pressures,

reproducing the pressure dependence of the lattice param-

eters and the B1g mode softening responsible for the

experimentally observed ferroelastic phase transition in

SnO2. However, we have to emphasize that the presented

potential was developed based on the properties of rutile-

type of SnO2 and should therefore be used only for mod-

eling of this particular phase. We have also presented a

fast, almost ‘‘automatic’’ method for force field parame-

trization, easily transferable between different forms of

potentials and classic MD codes.
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